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Abstract
We studied the effects of the Tsallis distribution on the transverse mo-
mentum fluctuation in high energy collisions. The parton-hadron duality
and the Bose-Einstein type correlation between partons were assumed.
The fluctuation was calculated in the boost-invariant picture for the ex-
pectation value used in the Boltzmann-Gibbs statistics and for the expec-
tation value used in the Tsallis nonextensive statistics. It was shown that
the fluctuation is a function of η which is the ratio of the inverse temper-
ature to the correlation length. We found the following points: (1) the
fluctuation depends on the form of the distribution and depends weakly
on the definition of the expectation value used in the statistics, (2) the
fluctuation increases as the entropic parameter value of the Tsallis distri-
bution increases, and (3) the variation of the fluctuation as a function of
the entropic parameter for the expectation value used in the Boltzmann-
Gibbs statistics is larger than that for the expectation value used in the
Tsallis nonextensive statistics in the wide range of η.
1 Introduction
Power-like distributions are of interest in various branches of physics, and a
momentum distribution of produced particles in a high energy collision shows a
power-like distribution [1–12]. One of power-like distributions is a Tsallis distri-
bution which has two parameters: the temperature and the entropic parameter
q. It was reported that the (momentum) distribution of the produced particles
in a high energy collision is described well by a Tsallis distribution. Therefore,
the Tsallis distribution has been of interest at high energies.
The distribution affects physical quantities, such as fluctuation. A Tsallis-
type function in the Geometrical Scaling picture describes well the distribution
of emitted particles [12]. Another Tsallis-type function has been used to describe
the distribution [5–7]. Finding the function which describes the distribution well
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is important, because the distribution is useful to understand the processes in
the collisions.
The value of a physical quantity depends on the definition of the expectation
value used in the statistics. The Boltzmann-Gibbs (BG) statistics is generally
applied to thermally equilibrated systems. In the past few decades, the Tsallis
nonextensive statistics has been applied to various systems in which a power-
like distribution appears. The (conventional) expectation value used in the BG
statistics is different from the expectation value used in the Tsallis nonextensive
statistics [13,14]. The differences were found in chiral phase transitions [15,16].
Physical quantities depend on the definition of the expectation value used in
the statistics, and therefore the effects of the difference in the definition of the
expectation value on the quantities should be studied.
A fluctuation between produced particles is related to the physical picture,
such as glasma [17]. As discussed above, the value of the fluctuation depends
on the form of the distribution and the definition of the expectation value.
Therefore, it is necessary to study how the fluctuation depends on the form of
the distribution and the definition of the expectation value in order to obtain
the information from the fluctuation.
The emitted hadrons come from the generated particles, partons, in high
energy collisions. It is plausible that these hadrons take over the momentum
distribution of the partons (parton-hadron duality) . The concept of the duality
appeared in the study of the scaling behavior of hadrons [18]. The duality was
also used to study the physical quantities, such as structure functions [19] and
correlators [20]. In the same way, it is natural that these hadrons take over the
fluctuation of the partons. The hadrons generated from the partons distribute
and correlate at high energies.
In this paper, we study the fluctuation of hadrons at high energies. The
purposes are (i) obtaining the fluctuation of hadrons when the distribution of
partons is given by a Tsallis distribution, (ii) showing the differences between
the fluctuation for the expectation value used in the BG statistics and the
fluctuation for the expectation value used in the Tsallis nonextensive statistics,
and (iii) showing the differences in the fluctuation between the distribution
appearing in the Geometrical Scaling picture [8,9,21] and the distribution based
on Tsallis entropy.
We summarize briefly the procedure and the results. We assume parton-
hadron duality in a one-dimensional expanding system: the fluctuation between
hadrons reflects directly the fluctuation between partons. A Bose-Einstein type
correlation is introduced as a correlation between partons. We found the follow-
ing points: (1) the fluctuation as a function of the ratio of the inverse tempera-
ture to the correlation length depends on the form of distribution, and depends
weakly on the definition of the expectation value used in the statistics, (2) the
fluctuation increases as q increases, and (3) the variation of the fluctuation as a
function of q for the expectation value used in the BG statistics is larger than
that for the expectation value used in the Tsallis nonextensive statistics in the
wide range of η, where η is the ratio of the inverse temperature to the correlation
length.
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This paper is organized as follows. In section 2, we introduce the momentum
distribution used in this study. We calculate the average of the absolute value
of the transverse momentum for the expectation value used in the BG statistics
and that for the expectation value used in the Tsallis nonextensive statistics.
We also calculate the fluctuation for these expectation values. In section 3,
the numerical results are shown. The fluctuations are calculated numerically
as functions of η for various q. The last section is assigned for discussion and
conclusion.
2 Transverse Momentum Fluctuation
2.1 Momentum Distribution Function
We introduce the momentum distribution function in this subsection, because
the physical quantities are calculated under the momentum distribution for the
expectation value used in the BG statistics and for the expectation value used
in the Tsallis nonextensive statistics. The parameter ν is used to distinguish
the expectation values. The quantity ν is 1 for the expectation value used in the
BG statistics and q for the expectation value used in the Tsallis nonextensive
statistics. The transverse momentum ~pT and rapidity y are used as variables,
and the absolute value of ~pT is represented as pT . The number of partons and
that of charged hadrons are represented as N (ν) and N
(ν)
c respectively. We
add the subscript c to the quantities for charged hadrons. The parton-hadron
duality is assumed:
d3N
(ν)
c
d~p2Tdy
=
1
γ
(
d3N (ν)
d~p2Tdy
)
, (1)
where γ is constant. Therefore, we can calculate some quantities without N
(ν)
c .
We use the quantity d
2N(ν)
d~p2
T
:
d2N (ν)
d~p2T
=
∫
dy
(
d3N (ν)
d~p2Tdy
)
. (2)
When the d
3N(ν)
d~p2
T
dy
is approximately independent of y (boost-invariant), we use
the following integral with respect to y, referring the value at y = 0:
d2N (ν)
d~p2T
=
∫
∆y
dy
d3N (ν)
d~p2Tdy
∣∣∣∣
y=0
. (3)
The momentum distribution is a basic quantity in high energy collisions. We
give the general form of the distribution, though we assume massless classical
particles with vanishing chemical potential. As a choice, we postulate the fol-
lowing form which appears in the Geometrical Scaling picture [9] in the studies
of high energy collisions:
d2N (ν)
d~p2T
= Constant×
(
1
eq (β(pT − µ)) + ξ
)ν
, (4)
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where µ is chemical potential, β is the inverse of the temperature. The quantity
ξ is −1 for boson, 0 for classical particle, and 1 for fermion. The function eq(x)
is the q-exponential function defined below. We note that both µ and ξ are zero
in this study. As another choice, we use the following form [5–7] for massless
particles, which is derived from the Tsallis entropy:
d2N (ν)
d~p2T
= Constant× pT
(
1
eq (β(pT − µ)) + ξ
)ν
. (5)
Therefore, we use the following form as the transverse momentum distribution
function:
d2N
(ν)
δ
d~p2T
=
C
(ν)
δ
(2π)
(pT )
δ
(
1
eq (β(pT − µ)) + ξ
)ν
, (6)
where the two cases are distinguished with δ: δ = 0, 1. The quantity C
(ν)
δ is
constant. The function eq(x) is given [5, 22] as
eq(x) :=
{
[1 + (q − 1)x]1/(q−1) (x ≥ 0)
[1 + (1 − q)x]1/(1−q) (x < 0) . (7)
We deal with massless classical particles (ξ = 0) with µ = 0 in the present study.
We have
d2N
(ν)
δ
d~p2T
=
C
(ν)
δ
(2π)
(pT )
δ
(
1
eq (βpT )
)ν
, (ν = 1, q; δ = 0, 1). (8)
These distributions were also found in the studies of the distributions of the
emitted particles at high energies [10, 11]. We calculate the average of pT ≡
|~pT | and the transverse momentum fluctuation with Eq. (8) in the following
subsections.
2.2 The average of the absolute value of the transverse
momentum under the Tsallis distribution
We now focus on the average of pT of the emitted particles in high energy
collisions. We deal with the distributions of q > 1, because it is reported that
the entropic parameter q is larger than 1 in high energy collisions [1–7, 12] .
The average of pT of charged hadrons is given by
〈pT 〉(ν)c = 〈pT 〉(ν) =
∫
d2~pT
∫
dypT
(
d3N (ν)
d~p2T dy
)
∫
d2~pT
∫
dy
(
d3N (ν)
d~p2Tdy
) , (9)
when the parton-hadron duality is a good approximation. This average with
the distribution, Eq. (8), for massless classical particles with vanishing chemical
4
potential is
〈pT 〉(ν)δ (β; q) =
∫
dpT (pT )
2+δ
(
1
eq (βpT )
)ν
∫
dpT (pT )
1+δ
(
1
eq (βpT )
)ν , (10)
where we attach the subscript δ to distinguish the distributions. In the present
situation, the average for the expectation value used in the Tsallis nonextensive
statistics 〈pT 〉(ν=q)δ and the average for the expectation value used in the BG
statistics 〈pT 〉(ν=1)δ are related each other:
〈pT 〉(ν=q)δ (β; q) = 〈pT 〉(ν=1)δ (qβ; 2 − 1/q), (11)
where we use the relation (eq(x))
q = e2−1/q(qx) for q > 0 [23].
The following integral [15] for q > 1 appears in the average.
I(ρ, ξ = 0) =
∫
∞
0
dk
kρ
(1 + (q − 1)βk)1/(q−1)
(q > 1). (12)
With this integral, we have a simple expression of the average:
〈pT 〉(ν=1)δ (β; q) =
I(ρ = 2 + δ, ξ = 0)
I(ρ = 1 + δ, ξ = 0)
. (13)
We obtain the averages, 〈pT 〉(ν=1)δ (β; q) and 〈pT 〉(ν=q)δ (β; q), for δ = 0, 1:
〈pT 〉(ν=1)δ=0 (β; q) =
2
β
1
(4− 3q) (1 < q <
4
3
), (14a)
〈pT 〉(ν=1)δ=1 (β; q) =
3
β
1
(5− 4q) (1 < q <
5
4
), (14b)
〈pT 〉(ν=q)δ=0 (β; q) =
2
β
1
(3− 2q) (1 < q <
3
2
), (14c)
〈pT 〉(ν=q)δ=1 (β; q) =
3
β
1
(4− 3q) (1 < q <
4
3
). (14d)
2.3 Transverse momentum fluctuation under the Tsallis
distribution
The fluctuation has been measured with the pT fluctuation measure [24]. The
following measure R(N) is calculated in this study:
R(N) :=
Q(N)
N(N − 1) , (15a)
Q(N) :=
∫
d2~p
(1)
T
∫
dy(1)
∫
d2~p
(2)
T
∫
dy(2)
(
d6N
d~p
(1)2
T dy
(1)d~p
(2)2
T dy
(2)
)
×
(
p
(1)
T − 〈p(1)T 〉
)(
p
(2)
T − 〈p(2)T 〉
)
. (15b)
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We assume an exponential type correlation between two particles, which is
frequently used as Bose-Einstein type correlation. That is(
d6N
d~p
(1)2
T dy
(1)d~p
(2)2
T dy
(2)
)
=
(
1 + λ exp
(
−a2
∣∣∣~p(1)T − ~p(2)T ∣∣∣2
))(
d3N
d~p
(1)2
T dy
(1)
)(
d3N
d~p
(2)2
T dy
(2)
)
,
(16)
where λ is independent of ~pT and y. The parameter λ is the correlation strength
and the parameter a is the correlation length. With the definition of the average
of pT , we have
Q(N) = λ
∫
d2~p
(1)
T
∫
dy(1)
∫
d2~p
(2)
T
∫
dy(2) exp
(
−a2
∣∣∣~p(1)T − ~p(2)T ∣∣∣2
)
×
(
d3N
d~p
(1)2
T dy
(1)
)(
d3N
d~p
(2)2
T dy
(2)
)(
p
(1)
T − 〈p(1)T 〉
)(
p
(2)
T − 〈p(2)T 〉
)
.
(17)
The pT fluctuation measure for charged hadrons Rc is evidently described
with the number of partons N
(ν)
δ for (Nc)
(ν)
δ ≫ 1, because (Nc)(ν)δ ((Nc)(ν)δ − 1)
is approximately
(
(Nc)
(ν)
δ
)2
= γ−2
(
N
(ν)
δ
)2
: we cancel out the common factors,
γ−2, in the numerator and the denominator of the pT fluctuation measure:
Rc ≡ R((Nc)(ν)δ ) ∼
Q((Nc)
(ν)
δ )(
(Nc)
(ν)
δ
)2 = Q(N
(ν)
δ )(
N
(ν)
δ
)2 ∼ R(N (ν)δ ). (18)
We use Eqs. (3) and (8) to calculate Eq. (17). After the integration with
respect to angle, we have
Q
(ν)
δ (N
(ν)
δ ) = λ
(
C
(ν)
δ
)2 ∫
dp
(1)
T
∫
dp
(2)
T exp
(
−a2
[(
p
(1)
T
)2
+
(
p
(2)
T
)2])
×
(
p
(1)
T p
(2)
T
)1+δ
I0
(
2a2p
(1)
T p
(2)
T
) 1
eq
(
βp
(1)
T
)


ν
 1
eq
(
βp
(2)
T
)


ν
×
(
p
(1)
T − 〈p(1)T 〉(ν)δ
)(
p
(2)
T − 〈p(2)T 〉(ν)δ
)
, (19)
where we attach the superscript (ν) and the subscript δ to Q, and the function
I0(t) is a modified Bessel function. The expansion of I0(t) [25,26] is
∑
n=0
(t/2)2n
(n!)2
.
We obtain the expansion of Q
(ν)
δ with the expansion of I0(t) with η = β/a as
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follows:
Q
(ν)
δ (N
(ν)
δ ) =
λ
(
C
(ν)
δ
)2
a6+2δ
∑
n=0
1
(n!)2
[
M˜
(ν)
2n+2+δ(η; q)− 〈p˜T 〉(ν)δ M˜ (ν)2n+1+δ(η; q)
]2
,
(20a)
M˜
(ν)
j (η; q) :=
∫
∞
0
dt e−t
2
tj
(
1
eq(ηt)
)ν
, (20b)
〈p˜T 〉(ν)δ := a〈pT 〉(ν)δ . (20c)
The number N
(ν)
δ is easily calculated:
N
(ν)
δ = C
(ν)
δ
∫
∞
0
dpT (pT )
1+δ
(
1
eq(ηt)
)ν
. (21)
The number N
(ν)
δ is given as follows:
N
(ν)
δ (β; q) =
(
C
(ν)
δ
β2+δ
)
N˜
(ν)
δ (q), (22a)
N˜
(1)
δ=0(q) =
1
(3− 2q)(2− q) , (22b)
N˜
(1)
δ=1(q) =
2
(4− 3q)(3− 2q)(2− q) , (22c)
N˜
(q)
δ=0(q) =
1
(2− q) , (22d)
N˜
(q)
δ=1(q) =
2
(3− 2q)(2− q) . (22e)
The pT fluctuation measure R
(ν)
δ ≡ R(N (ν)δ ) for N (ν)δ ≫ 1 is obtained with
these expressions:
R
(ν)
δ =
λ
a2
η4+2δ
(N˜
(ν)
δ (q))
2
∑
n=0
1
(n!)2
[
M˜
(ν)
2n+2+δ(η; q)− 〈p˜T 〉(ν)δ M˜ (ν)2n+1+δ(η; q)
]2
.
(23)
The quantity
√
R
(ν)
c,δ /〈pT 〉(ν)c,δ is frequently used in the analysis. We obtain ap-
proximately the quantity
√
R
(ν)
c,δ /〈pT 〉(ν)c,δ for charged hadrons:√
R
(ν)
c,δ
〈pT 〉(ν)c,δ
∼
√
R
(ν)
δ
〈pT 〉(ν)δ
∼
√
λη2+δ
〈p˜T 〉(ν)δ N˜ (ν)δ (q)
√∑
n=0
1
(n!)2
[
M˜
(ν)
2n+2+δ(η; q)− 〈p˜T 〉(ν)δ M˜ (ν)2n+1+δ(η; q)
]2
.
(24)
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We note that the right-hand side of Eq. (24) depends on the combination of the
variables, a and β: Eq. (24) depends on η = β/a.
3 Numerical Estimation
The following quantity U
(ν)
δ (η, q) was calculated numerically for various η and q
to study the effects of the form of the distribution and to study the differences
between the fluctuation for the expectation value used in the BG statistics and
the fluctuation for the expectation value used in the Tsallis statistics:
U
(ν)
δ (η, q) :=
(
1/
√
λ
)(√
R
(ν)
δ /〈pT 〉(ν)δ
)
. (25)
The values of the parameters were adopted by referring the results in high
energy collisions. The value of q− 1 > 0 is small in many cases [27]. Therefore,
the range of q was 1.0 ≤ q ≤ 1.1 in the numerical calculations. The value of
η is also required to calculate U
(ν)
δ (η, q). The range of η was 4 ≤ η ≤ 8 in the
numerical calculations. In Ref. [12], the temperature β−1 equals κQsat, where
Qsat is saturation momentum. The parameter a
−1 equals
√
σQsat. Therefore,
η is rewritten with the model parameters:
η =
β
a
=
√
σ
κ
. (26)
The value η estimated from the parameters for the fits of all data points (fit-A)
in Ref. [12] is in the range of 4 to 8.
Figure 1 and Figure 2 show U
(ν=1)
δ=0 (η, q) and U
(ν=1)
δ=1 (η, q) as functions of η
for various q. The q dependences are similar in both the figures: the value
U
(ν=1)
δ=0 (η, q) is larger than U
(ν=1)
δ=0 (η, q
′) and the value U
(ν=1)
δ=1 (η, q) is larger
than U
(ν=1)
δ=1 (η, q
′), when q is larger than q′. In contrast, the η dependence
of U
(ν=1)
δ=1 (η, q) is different from that of U
(ν=1)
δ=0 (η, q). In Figure 1, the value
U
(ν=1)
δ=0 (η, q) decreases as η increase in the range of 4 ≤ η ≤ 8. In Figure 2,
in the range of 4 ≤ η ≤ 8, the value U (ν=1)δ=1 (η, q) for small q decreases as η
increases, and U
(ν=1)
δ=1 (η, q) for large q has an extremum.
Figure 3 and Figure 4 show U
(ν=q)
δ=0 (η, q) and U
(ν=q)
δ=1 (η, q) as functions of η
for various q. The behavior of U
(ν=q)
δ=0 (η, q) in Figure 3 is similar to that of
U
(ν=1)
δ=0 (η, q) in Figure 1, and the behavior of U
(ν=q)
δ=1 (η, q) in Figure 4 is also
similar to that of U
(ν=1)
δ=1 (η, q) in Figure 2.
Figure 5 shows the quantity U
(ν)
δ (η, q = 1.1) − U (ν)δ (η, q = 1.0) in order to
study the q-dependence of U
(ν)
δ (η, q). As a function of q, the variation of U
(ν=1)
δ=0
is larger than that of U
(ν=q)
δ=0 from the left panel of Fig. 5: for δ = 0, the q
dependence for the expectation value used in the BG statistics is larger than
that for the expectation value used in the Tsallis nonextensive statistics in the
range of 4 ≤ η ≤ 8. As a function of q, the variation of U (ν=1)δ=1 is also larger than
8
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Figure 1: The quantity U
(ν=1)
δ=0 (η, q) as a function of η for various q.
 0
 0.05
 0.1
 0.15
 0.2
 0.25
 0.3
 4  4.5  5  5.5  6  6.5  7  7.5  8
η
q=1.10
q=1.08
q=1.06
q=1.04
q=1.02
q=1.00
U δ
=1(  =
1)
ν
Figure 2: The quantity U
(ν=1)
δ=1 (η, q) as a function of η for various q.
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Figure 3: The quantity U
(ν=q)
δ=0 (η, q) as a function of η for various q.
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Figure 4: The quantity U
(ν=q)
δ=1 (η, q) as a function of η for various q.
that of U
(ν=q)
δ=1 except for the vicinity of η = 4.5 from the right panel of Fig. 5.
For δ = 1, the variation of U
(ν=1)
δ=1 is close to that of U
(ν=q)
δ=1 in the vicinity of
η = 4.5. The variation of U
(ν=1)
δ is larger than that of U
(ν=q)
δ in the wide range
of η, as shown in Fig. 5.
Apart from the values of the parameters in high energy collisions, we calcu-
lated the quantity U
(ν)
δ=0 numerically to study the η dependence of U
(ν)
δ=0. The
quantity U
(ν)
δ=0 was calculated in the range of 2 < η ≤ 6 for q = 1.00, 1.01, and
1.02. Figure 6 shows U
(ν=1)
δ=0 and U
(ν=q)
δ=0 . The quantity U
(ν)
δ=0 has an extremum
in both the cases. These numerical results indicate that the quantity U
(ν)
δ=0 is
not a monotonically decreasing function of η in the wide range of η.
Figure 7 shows the quantity U
(ν)
δ=0(η, q = 1.03)−U (ν)δ=0(η, q = 1.00). Figure 7
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Figure 5: The quantity U
(ν)
δ (η, q = 1.1) − U (ν)δ (η, q = 1.0) in the range of
4 ≤ η ≤ 8. The left panel shows the quantity for δ = 0, and the right panel
shows the quantity for δ = 1.
is similar to the right panel of Fig. 5. The effects in the case of the expectation
value used in the BG statistics is slightly larger than that in the case of the
expectation value used in the Tsallis nonextensive statistics in the wide range
of η, as shown in Fig. 7.
4 Discussion and Conclusion
We studied the transverse momentum fluctuation of the emitted particles in
high energy collisions, assuming the parton-hadron duality. The average of the
absolute value of the transverse momentum and the fluctuation were calculated
under the Tsallis distribution with the entropic parameter q: the distribution
appears in the studies of high energy collisions. These quantities were calculated
for the expectation value used in the Boltzmann-Gibbs statistics and for the
expectation value used in the Tsallis nonextensive statistics.
We introduce the quantity U
(ν)
δ , which is related to the pT fluctuation mea-
sure, to study the parameter dependence of the fluctuation numerically, where
δ distinguishes the power of pT and ν distinguishes the definition of the expec-
tation value. The quantity U
(ν)
δ has two parameters, q and η: the parameter η
is the ratio of the inverse temperature β to the correlation length a, where a is
introduced in the Bose-Einstein type correlation between partons. The values
of the fluctuations were numerically estimated.
We obtained the following results: (1) the quantity U
(ν)
δ as a function of η
depends on the form of the distribution and depends weakly on the definition
of the expectation value used in the statistics, (2) the quantity U
(ν)
δ increases
as q increases, and (3) the variation of the quantity U
(ν)
δ as a function of q
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(ν)
δ in the range of 2 < η ≤ 6 for q = 1.00, 1.01, and
1.02. The quantity U
(ν=1)
δ=0 (η, q) is shown in the left panel, and U
(ν=q)
δ=0 (η, q) is
shown in the right panel.
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Figure 7: The quantity U
(ν)
δ=0(η, q = 1.03) − U (ν)δ=0(η, q = 1.00) in the range of
2 < η ≤ 6
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for the expectation value used in the BG statistics is larger than that for the
expectation value used in the Tsallis nonextensive statistics in the wide range
of η. In addition, the quantity U
(ν)
δ is not a monotonically decreasing function
of η in the wide range of η.
These results indicate the following points. The result (1) indicates that
the η-dependence of the fluctuation depends on the form of the transverse mo-
mentum distribution function. As shown in the result (2), the value of the
fluctuation is an increasing function of q. The q-dependence of the fluctuation
should come from the tail of the Tsallis distribution. The result (3) indicates
that the effects of the Tsallis distribution for the expectation value used in the
BG statistics are larger than those for the expectation value used in the Tsallis
nonextensive statistics in the wide range of η.
We finally discuss the quantities estimated from U
(ν)
δ (η, q) in high energy
collisions. The entropic parameter q and the temperature T are obtained by
fitting the distribution, as researchers studied. The values, δ and ν, will be
determined by the fits. The remaining parameters are the correlation strength
λ and the correlation length a. In the case that λ and a are assumed to be
constant, the quantities λ and a can be obtained by fitting
√
λU
(ν)
δ (η, q) to the
observed fluctuation measure. In the case that a is given, the quantity
√
λ can
be obtained as the ratio of the observed fluctuation measure to U(η, q): for
example, as for a, the flux tube size is a candidate of the length a. The quantity
U
(ν)
δ (η, q) is related to the physical quantities under some assumptions.
The findings in this study are useful to discuss the fluctuation when the
distribution is a power-like distribution such as a Tsallis distribution. We hope
that this work is helpful to understand the phenomena at high energies.
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A Integral I(ρ, ξ = 0)
The integral I(ρ, ξ) defined in Eq. (12) appears in the calculation. We give the
results of the integrals with ξ = 0 for ρ = 1, 2, and 3. The integration is easily
performed by changing of variables [15]:
I(ρ, ξ) =
1
βρ+1(q − 1)ρ
∫ 1
0
dy
y1−q
(
y1−q − 1)ρ
1 + ξy
. (27)
The results are given as follows:
I(ρ = 1, ξ = 0) =
1
β2
1
(3− 2q)(2− q) (1 < q <
3
2
), (28a)
I(ρ = 2, ξ = 0) =
2
β3
1
(4− 3q)(3− 2q)(2− q) (1 < q <
4
3
), (28b)
I(ρ = 3, ξ = 0) =
6
β4
1
(5− 4q)(4− 3q)(3− 2q)(2− q) (1 < q <
5
4
). (28c)
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